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Abstract. We give a proof of the index theorem of lattice Wilson–Dirac opera-
tors, which states that the index of a twisted Dirac operator on the standard torus
is described in terms of the corresponding lattice Wilson–Dirac operator. Our
proof is based on the higher index theory of almost flat vector bundles.
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1. Introduction
Lattice gauge theory is a theoretical and numerical approach for studying the
Yang–Mills gauge theory, especially the quantum chromodynamics, in which the
(Wick-rotated Euclidean) spacetime is approximated by its discrete lattice. If we
also assume that the spacetime is compact by imposing the periodic boundary
condition, the lattice becomes a finite number of points. This approximation makes
the path-integral finite-dimensional and hence calculable by e.g. the Monte Carlo
simulation.
The main subject of this paper is the lattice approximation of the chiral anomaly
in gauge theory. The chiral anomaly is the quantum breaking of the gauge symmetry,
which the classical Yang–Mills theory possesses. According to Fujikawa’s method,
it is described by the Fredholm index of the Dirac operator twisted by a vector
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bundle. Here a natural question arises: what is a lattice approximation of the chiral
anomaly, or equivalently, the index of the twisted Dirac operator? A main difficulty
for answering this question is that, although the Fredholm theory is essentially an
infinite dimensional phenomenon, the approximated lattice Dirac operator acts on
the finite dimensional Hilbert space of ℓ2-functions on the lattice.
The answer is given in the literature of theoretical physics [NN95, HLN98] by
considering the lattice (hermitian) Wilson–Dirac operator, a variation of the lattice
Dirac operator defined by adding a new term called the Wilson term. If the lattice
scale is sufficiently fine, we obtain an invertible self-adjoint matrix by imposing
a mass term to the hermitian Wilson-Dirac operator (this estimate is studied by
Neuberger [Neu00]). Then the half difference of the number of its positive and
negative eigenvalues, instead of the number of the zero-modes, is a topological
invariant.
This integer actually coincides with the index of the Dirac operator at the con-
tinuum limit. This equality has been studied in the literature of theoretical physics
[Lüs99,Suz99,Fuj99,Ada02a]. In this paper we shed new light on this index theo-
rem from the viewpoint of higher index theory of almost flat vector bundles, i.e., a
vector bundle equipped with a hermitian connection whose curvature is small. We
mention that there are several other mathematical approaches to the same problem
[Yam20,FFM+].
Another motivation of the paper is the study of almost commuting unitary matri-
ces. Motivated from a question by Halmos [Hal76], Voiculescu [Voi83] constructs
an example of a pair of unitary matrices (U, V ) such that the norm of the com-
mutator ‖[U, V ]‖ is arbitrarily small but not perturbed to any commutative pair.
Excel–Loring [EL91] gives an alternative proof using a topological invariant moti-
vated from C*-algebra K-theory. As a by-product of the proof of the lattice index
theorem, we give an explicit formula of this invariant inspired from the hermitian
Wilson–Dirac operator (Theorem 3.14).
This topological invariant is related to the geometry of almost flat vector bundles
by Connes–Gromov–Moscovici [CGM90]. A d-tuple of mutually almost commut-
ing unitaries is thought of as a quasi-representation of the group Zd. Generalizing
the monodromy correspondence of flat bundles and representations, almost flat
vector bundles on a space M corresponds roughly in one-to-one with a quasi-
representation of π1(M). It is clarified in the work of Hanke–Schick [HS06] and
Dadarlat [Dad12] that the K-theoretic invariant of a group quasi-representation co-
incides with the index of Dirac operators twisted by the corresponding almost flat
bundles. This fact plays a key role in our proof of the index theorem ofWilson–Dirac
operators.
1.1. Statement of the theorem. Let d be a positive integer, standing for the di-
mension of the spacetime. For simplicity of discussion, here we only consider
the case that d is even (for a more general case, see Subsection 5). Let V be the
d-dimensional Euclidean space. That is, V is the linear space Rn equipped with
the inner product 〈·, ·〉. Let Π be the standard lattice of V , i.e., a cocompact rank d
free abelian subgroup Π ⊂ V generated by an orthonormal basis t1, · · · , tn of V .
SetM := V/Π. It is equipped with the induced Riemannian metric, denoted by g.
Let Cℓ(−V ) denote the Clifford algebra of V with the negative definite inner
product. That is, Cℓ(−V ) is the universal C-algebra generated by {c(v) | v ∈ V }
with the relations c(v)c(w) + c(w)c(v) = −2〈v,w〉1. It is equipped with the
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C*-algebra structure by the adjoint c(v∗) = −c(v). Since d is even, the algebra
Cℓ(−V ) has a unique irreducible ∗-representation S.
LetE be a complex vector bundle onM equipped with a hermitian inner product
and let ∇ be a hermitian connection on E. Then the twisted Dirac operator DE is
defined as
DE =
n∑
i=1
c(vi)∇vi : Γ(M,E ⊗ S)→ Γ(M,E ⊗ S),(1.1)
where v1, · · · , vn is a standard basis of T0V ∼= V corresponding to t1, · · · , tn.
Then DE is an odd self-adjoint operator with respect to the Z2-grading of S. Let
DE0 and D
E
1 denote the off-diagonal entries of D
E with respect to the Z2-grading
γ as DE =
(
0 DE1
DE0 0
)
. Our main concern, the Fredholm index of DE , is the
integer
Index(DE) := dimker(DE0 )− dimker(D
E
1 ),
which is well-defined since DE is an elliptic operator over a compact manifoldM .
Now we introduce a lattice approximation of the operator DE . Firstly, we
replace the covariant derivative ∇vj in (1.1) with a difference operator. For a path
γ : [0, t] → M , we write ΓEγ : Eγ(0) → Eγ(1) for the parallel transport of (E,∇)
along γ. Let a > 0 stand for the scale of the lattice approximation (hence its is
an inverse integer; a = 1/N ). Then the approximated spacetime is the quotient
aΠ/Π ⊂ M of the finer lattice aΠ. Now the shift operator in j-th direction is
defined by the direct sum
Ua,Ej :=
⊕
x∈aΠ/Π
(ΓE[x,x+avj ] : Ex → Ex+avj ),(1.2)
which is a unitary operator on
⊕
x∈aΠ/Π Ex.
Definition 1.3. The lattice covariant derivative ∇a,E , the lattice Dirac operator
Da,E , the latticeWilson termW a,E and the lattice hermitianWilson–Dirac operator
Da,EW with the scale a = 1/N are defined as following;
∇a,Ej := (U
a,E
j − 1)/a,
Da,E :=
∑
j
c(vj)(∇
a,E
j − (∇
a,E
j )
∗)/2,
W a,E :=
∑
j
(∇a,Ej + (∇
a,E
j )
∗)/2,
Da,EW := γW
a,E +Da,E .
Note that Da,E ,W a,E and Da,EW acts on the Hilbert space
H
a,E :=
( ⊕
x∈aΠ/Π
Ex
)
⊗ S.
Morover, we impose the mass term m0γ to obtain the massive Wilson–Dirac
operator Da,EW + m0γ. In this paper we consider the following two kinds of the
mass term.
(1) The cut–off scale massm0 = m/a.
(2) The constant mass termm independent of the length-scale a.
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The massive hermitian Wilson–Dirac operator considered in the context of theoret-
ical physics is mainly (1), or its functional calculus (Da,EW +
m
a )/|D
a,E
W +
m
a | (this
operator is called the overlap Dirac operator). On the other hand, the operator (2)
is also considered in recent researches [FKM+19, FKM+20]. We show the index
theorem for both of these operators.
We define the "index" of the massive hermitian Wilson–Dirac operator as fol-
lowing.
Definition 1.4. For a self-adjoint invertible matrix A, we define I(A) as
I(A) :=
dimE>0(A)− dimE<0(A)
2 ,
where E>0(A) (resp. E<0(A)) denotes the spectral subspaces of A corresponding
to positive (resp. negative) eigenvalues.
Remark 1.5. Assume that the (finite rank) Hilbert space on whichA acts is equipped
with a Z2-grading γ such that the even and odd subspaces are isomorphic (the space
Ha,E above satisfies this assumption). Then we have
I(A) = dimE>0(A)− dimE>0(γ).
This holds because dimE>0(A) + dimE<0(A) = dimHa,E and dimE>0(γ) =
dimHa,E/2.
Theorem 1.6. The following hold.
(1) For any 0 < m < 2, there is a length scale a0 = 1/N0 such thatD
a,E
W +
m
a
is invertible and
I
(
Da,EW +
m
a
γ
)
= Index(DE)
holds for any 0 < a < a0.
(2) There is m0 > 0 such that, for any m > m0 there is a length scale
a0 = 1/N0 such that the operator D
a,E
W +mγ is invertible and
I(Da,EW +mγ) = Index(D
E)
holds for any 0 < a < a0.
The strategy of the proof is as follows. Firstly, in Section 2, we relate the
lattice shift operator (1.2) with the quasi-representation πa,E of Π = π1(M) ob-
tained by the constructions due to Gromov–Lawson [GL83] and Connes–Gromov–
Moscovici [CGM90]. This enables us to understand the Wilson–Dirac operator
Da,EW as the image of the "universal" element DˆW of the matrix-coefficient group
algebra C[Π] ⊗ End(S) through πa,E , as is done in Section 3. In particular, here
we show that Dˆa,EW +mγ is an invertible self-adjoint operator representing the Bott
element β ∈ K0(C∗Π) ∼= K
0(Πˆ). Finally, in Section 4, we relate πa,E(β) with the
index of DE by applying the argument of Hanke–Schick [HS06].
After proving Theorem 1.6, in Section 5, we discuss two generalizations of
this theorem. The first is the lattice family index, which has been considered by
Adams [Ada02b]. The second is the lattice Real andClifford equivariant index. This
generalization is also studied in the forthcoming paper by Fukaya et. al. [FFM+].
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2. Lattice covariant derivative and group quasi-representation
In this section we relate the lattice covariant derivative ∇a,Ej given in Definition
1.3 with the quasi-representation of the group Π obtained by a combination of the
Gromov-Lawson construction and the almost monodromy correspondence.
2.1. Group quasi-representation and almost monodromy. We start with a brief
review of group quasi-representations, almost flat bundles and their almost mon-
odromy correspondence. For a more detail on this subsection, we refer the reader
to [CGM90,HS06,CD13,Dad14,Kub20].
In general, for a finitely presented discrete group Γ and its finite set of generators
G, we say that a map π : Γ→ U(P ) is a (ε,G)-representation of Γ on P if π(e) = 1
and
‖π(g)π(h) − π(gh)‖ < ε
for any g, h ∈ G such that gh ∈ G. Our interest is quasi-representations of the
group Π ∼= Zd with respect to the generating set G = {e, t±1i , t
±1
i t
±1
j | i, j =
1, · · · , n}. Then an (ε,G)-representation (π,H) of Π corresponds to a family of
unitary operators Uj := π(tj) which are mutually almost commutative, namely
‖[Uj , Ul]‖ < 2ε. Conversely, if we have a mutually ε-commutative d-tuple of
unitaries, then π(t±1j ) = U
±1
j and π(t
±1
j t
±1
l ) := U
±1
j U
±1
l for j < l determines a
(2ε,G)-representation of Π. A typical example of almost commuting unitaries in
d = 2 is
U1 =


1 0 0 · · · 0
0 ζn 0 · · · 0
0 0 ζ2n · · · 0
...
...
...
. . .
...
0 0 0 · · · ζn−1n


,
U2 =


0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · ·
... 0
...
...
. . . 0
...
0 · · · 0 1 0


,
where ζn denotes the root of unity e2πi/n.
There is a fruitful construction, established by Connes–Gromov–Moscovici in
[CGM90], of a quasi-representation of the fundamental group π1(M) of a manifold
M from an almost flat bundle on M as the monodromy "representation". A
pair (E,∇) is said to be a (ε, g)-flat vector bundle on M if E is a hermitian
vector bundle onM and ∇ is a hermitian connection on E whose curvature tensor
RE ∈ Ω2(M,EndE) satisfies
‖RE‖ := sup
x∈M
sup
ξ∈
∧2 TxM\{0}
‖RE(ξ)‖End(Ex)
‖ξ‖
< ε.
As in Section 1, we denote by Γ∇γ the parallel transport on E along a path
γ : [0, 1] → M with respect to the connection ∇. Let us choose a collection of
closed loops ℓj ∈ ΩM such that the set G := {[ℓj ]} generates π1(M).
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Definition 2.1. The collection of operators
πE([ℓj ]) := Γ
∇
ℓj : E0 → E0
forms a (Cε,G)-representation for some C > 0 depending only on a choice of {ℓj}
and g. We call this πE the almost monodromy quasi-representation of E.
This definition makes sense because of the estimate
‖Γ∇γ − 1‖ ≤ ‖R
E‖ ·Area(D)
for any loop γ bounded by a surface D, i.e., γ = ∂D ⊂ M (we refer to [Gro96,
Section 414 ]). We call this quasi-representation as the almost monodromy quasi-
representation of E.
Hereafter we focus on the torusM = V/Π equipped with the standard Riemann-
ian metric. We fix ℓj ∈ ΩM as the geodesic loop in vj-direction starting from the
origin 0 ∈ V/Π. Note that ℓj represents tj ∈ π1(M). In this case Uj := πE(tj)
satisfies ‖[Uj , Ul]‖ < ‖RE‖ since the loop ℓ
−1
l ◦ ℓ
−1
j ◦ ℓl ◦ ℓj is bounded by a
standard square, which has area 1.
2.2. Gromov–Lawson construction. Gromov-Lawson [GL83] gives a systematic
construction of almost flat bundles using the topology, i.e., enlargeability, of the
base space. Here we review their construction by focusing on the case that the base
spaceM is a torus.
Let κa : V → V denote scaling map by a, that is, κa(v) = av for any v ∈ V .
Since κa(NΠ) = Π, κa induces a continuous map
κa : V/NΠ→ V/Π.
Note that κa is a2-area contracting, that is, the induced bundle map
dκa :
∧2TM → ∧2TM
satisfies dκa = a2. Hence we have
‖Rκ∗aE‖ = a
2‖RE‖.
Let qa : V/NΠ→ V/Π denote the Nn-fold covering map. Then the push-forward
bundle
EN := qa!κ
∗
aE =
⊔
x∈V/Π
⊕
q(x¯)=x
(κ∗aE)x¯
has a connection induced from that of κ∗aE.
Lemma 2.2. For any vector bundle E on V/Π, we have
Index(DEN ) = Index(DE).
Proof. By definition q! extends to a unitary
qa! : L
2(V/NΠ, κ∗aE)→ L
2(V/Π, qa!κ
∗
aE).
Also, the conformal transformation κa gives rise to a unitary
κ∗a : L
2(V/Π, E) → L2(V/NΠ, κ∗aE)
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determined by κ∗a(ξ)(x) =
1
ad/2
ξ(κa(x)). Now the diagram
L2(V/Π, q!κ
∗
aE)⊗ S
DEN
//

L2(V/Π, q!κ
∗
aE)⊗ S

L2(V/NΠ, κ∗aE)⊗ S
Dκ
∗
aE
//

L2(V/NΠ, κ∗aE)⊗ S

L2(V/Π, E) ⊗ S
1
a
DE
// L2(V/Π, E) ⊗ S
commutes, and hence Index(DEN ) = Index( 1aD
E) = Index(DE) holds. 
2.3. Lattice covariant derivative as almost monodromy. Finally we observe
that the lattice covariant derivatives Ua,Ej introduced in Section 1 is nothing but the
almost monodromy quasi-representation of the almost flat bundle obtained by the
Gromov-Lawson construction.
Let v1, · · · ,vn denote the standard basis of the vector space V . Let ℓj denote
the image of the affine segment [0,vj ] ⊂ V to V/Π, which is a closed loop
representing tj ∈ π1(V/Π). Let πa,E denote the corresponding almost monodromy
quasi-representation of the bundle q!κ∗aE in the sense of Definition 2.1. Then it is
a (‖RE‖a2,G)-representation of Π.
Lemma 2.3. The (a2‖RE‖,G)-representation πa,E satisfies πa,E(tj) = U
a,E
j .
Proof. The fiber of EN = qa!κ∗aE at 0 ∈ V/Π is identified with the direct sum⊕
qa(x)=0
(κ∗aE)x =
⊕
x∈Π/NΠ
(κ∗aE)x =
⊕
x∈aΠ/Π
Ex.
The connection on EN is imposed from that of E in the way that the parallel
transport ΓENγ along a path γ : [0, 1]→ V/Π is written as
ΓENγ =
⊕
qa(γ˜)=γ
(
Γ
κ∗aE
γ˜ : κ
∗
aEγ˜(0) → κ
∗
aEγ˜(1)
)
=
⊕
qa(γ˜)=γ
(
ΓEκa◦γ˜ : Eκa(γ˜(0)) → Eκa(γ˜(1))
)
.
In particular we have
πa,E(tj) = Γ
EN
[0,vj ]
=
⊕
x∈Π/NΠ
(
Γ
κ∗aE
[x,x+vj]
: (κ∗aE)x → (κ
∗
aE)x+vj
)
=
⊕
x∈aΠ/Π
(
ΓE[x,x+avj] : Ex → Ex+avj
)
.
The right hand side is the same as the operator Ua,Ej defined in (1.2). 
3. K-theory of the universal hermitian Wilson–Dirac operator
In the last section we observe that the shift operators Ua,Ej are viewed as the
image of tj ∈ Π under the quasi-representation πa,E . This fact suggests that the
lattice Wilson–Dirac operator is also viewed as the image of the ‘universal’ element
lying in the group algebra C[Π], or its C*-algebra completion. In this section we
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describe the universal Wilson–Dirac operator as a self-adjoint element of a C*-
algebra. This relates the invariant I(Da,EW +mγ) introduced in Definition 1.4 with
the Bott element of the C*-algebra K-group K0(C∗Π).
3.1. Universal hermitian Wilson–Dirac operator. Let Πˆ denote the Pontrjagin
dual Hom(Π,T) of Π. According to the Gelfand–Naimark duality, the group C*-
algebra C∗Π is isomorphic to the C*-algebra C(Πˆ) of continuous functions on Π
by regarding t ∈ Π as the continuous function χ 7→ χ(t).
Definition 3.1. We define the universal hermitian Wilson–Dirac operator DˆW ∈
C∗Π⊗ End(S) as Uˆj := tj , ∇ˆj := Uˆj − 1 and
Dˆ :=
∑
c(vj)(∇ˆj − ∇ˆ
∗
j)/2,
Wˆ :=
∑
(∇ˆj + ∇ˆ
∗
j)/2,
DˆW := Dˆ + γWˆ.
LetU1, · · · , Ud be a d-tuple of mutually ε-commuting unitaries on a (finite rank)
Hilbert space H and let π denotes the (ε,G)-representation of Π determined by
π(tj) := Uj and π(t
±1
j t
±1
l ) := U
±1
j U
±1
l . We extend π to a linear map π : C[Π]→
B(H) by
π(tk11 · · · t
kd
d ) := π(t1)
k1 · · · π♭(td)
kd .(3.2)
Then we can associate to π a matrix
π(DˆW ) =
n∑
j=1
1
2
(Uj − U
∗
j ) · c(vj) +
n∑
j=1
(1
2
(Uj + U
∗
j )− 1
)
· γ.(3.3)
By comparing the above definitions with Definition 1.3, Lemma 2.3 is rephrased
as the following lemma.
Lemma3.4. The hermitianWilson–Dirac operatorDa,EW coincideswith
1
aπa,E(DˆW ).
Since the elements Uˆj and Uˆl are commutative, the spectral theory of the square
(DˆW +mγ)
2 of the massive universal hermitian Wilson–Dirac operator is much
easier than analysing Wilson–Dirac operators itself.
Lemma 3.5. For 0 < m < 2, the massive universal hermitian Wilson–Dirac
operator DˆW +mγ is invertible.
Proof. Herewewrite as tj = e2πikj , wherekj is the j-th coordinate of Πˆ ∼= (R/Z)d.
Through the identification C∗Π ∼= C(Πˆ), the operators Dˆ and Wˆ are identified
with End(S)-valued functions on Πˆ as
Dˆ =
d∑
j=1
c(vj) · i sin(2πkj), Wˆ =
d∑
j=1
(cos(2πkj)− 1).
Hence we have
(DˆW +mγ)
2 = Dˆ2 + (Wˆ +m)2
=
∑
j
sin(2πkj)
2 +
((∑
j
cos(2πkj)− 1
)
+m
)2
≥ 0.
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The first and second components are both non-negative and never be zero simul-
taneously. Therefore (DˆW + mγ)2 > 0 holds, i.e., the matrix-valued function
DˆW +mγ is invertible. 
3.2. K-theory class of the universal Wilson–Dirac operator. Let A be a C*-
algebra. If A is unital, i.e., 1 ∈ A, its K0-group K0(A) is defined as the set of
homotopy classes of projections inMn(A) with the summation given by the direct
sum (for a foundation of C*-algebra K-theory, we refer to [RLL00]). We remark
that the space of self-adjoint and invertible operators in a C*-algebraA is homotopy
equivalent to the space of projections by the continuous map h 7→ (h/|h| + 1)/2,
with the homotopy inverse p 7→ 2p − 1. Hereafter, for a self-adjoint operator
h ∈ Mn(A) we simply write [h] for the corresponding element of the K0-group
[(h/|h| + 1)/2] ∈ K0(A).
By the Serre–Swan theorem, the K0-group K0(C(X)) of the commutative C*-
algebra C(X) of continuous functions on a compact space X is isomorphic to the
topological K-group K0(X). Hence the group K0(C∗Π) ∼= K
0(Πˆ) contains the
Bott element β of top degree, i.e., the image of the generator ofK0(Dn, Sn−1) ∼= Z
to K0(Πˆ) with respect to an open embedding.
Lemma 3.6. Let c(v) and γ be elements of Cℓd ∼= End(S) as in Section 1. Set
h :=
N∑
j=1
c(vj) · ixj + γx0 : S
n → End(S),
where x0, · · · , xn is the standard coordinate of S
n ⊂ Rn+1. Then h is a self-
adjoint matrix-valued function with h2 = 1 and the Bott element β ∈ K0(Sn) is
represented by h as β = [h]− [γ].
Proof. This is understood from the viewpoint of Segal’s connective K-theory
[Seg77]. LetFd(n) denote the set ofmutually commutingd+1-tuple (A0 , A1, · · · , Ad)
of n × n matrices such that
∑
A2i = 1 and set Fd(∞) =
⋃
n Fd(n) with respect
to the inclusion (A0, A1, · · · , An) 7→ (A0⊕ 1, A1⊕ 0, · · · , Ad⊕ 0). Similarly, let
Φd(n) denote the set of self-adjoint unitaries onS⊗Cn and setΦd(∞) =
⋃
nΦd(n)
with respect to B 7→ B ⊕ γ. Then the map ϕ : Fd(∞) → Φd(∞) given by
(A0, A1, · · · , Ad) 7→ A0γ +
∑
iAjc(vj) induces an isomorphism of the πd-group
([Seg77, Proposition 1.3]). Moreover, the map c : Fd → Pd, where Pd is the
configuration space of points in Sd (in other words, Pd = SP
∞(Sd)), sending
(A0, A1, · · · , Ad) to its joint spectrum, also induces an isomorphism of the πd-
group ([Kub16a, Proposition 3.4]). Now the map x := (x0, x1, · · · , xd) : Sd →
Fd(1) satisfies ϕ ◦ x = h and [c ◦ x] ∈ [Sd, Pd] ∼= Hd(Sd) ∼= Z is the generator.
This shows the lemma. 
As is proved in Lemma 3.5, the massive hermitian Wilson–Dirac operator DˆW +
mγ is a self-adjoint invertible element of the C*-algebra C∗Π⊗End(S), and hence
it determines an element [DˆW +mγ] ∈ K0(C∗Π) ∼= K
0(Πˆ).
Proposition 3.7. For any 0 < m < 2, the K-theory class [DˆW + mγ] ∈
K0(C
∗Π) ∼= K0(Πˆ) satisfies
[DˆW +mγ]− [γ] = β.
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Proof. Recall the identification of DˆW with anEnd(S)-valued continuous function
on Πˆ as in the proof of Lemma 3.5. Let
f :=
(∑
j
sin(2πkj)
2 +
((∑
j
cos(2πkj)− 1
)
+m
)2)1/2
,
which is a positive function on Πˆ. In the space of self-adjoint invertible operator-
valued functions, DˆW +mγ is homotopic to
DˆW +mγ
f
=
∑
c(vj)
i sin(2πkj)
f
+ γ
(∑
j(cos(2πkj)− 1)
)
+m
f
= F ∗h,
where F : Πˆ→ Sd is defined as
F (k) =
((∑
j(cos(2πkj)− 1)
)
+m
f(k) ,
sin(2πk1)
f(k) ,
· · ·
,
sin(2πkd)
f(k)
)
for k = (k1, · · · , kd) ∈ Πˆ. Since (1, 0, · · · , 0) is the regular value of F and
F−1(1, 0, · · · , 0) = {(0, · · · , 0)}, the degree of F is 1 and hence
[DˆW +mγ]− [γ] = F
∗([h] − [γ]) = β ∈ K0(Πˆ)
by Lemma 3.6. 
Remark 3.8. The invertible matrix-valued function DˆW + mγ and its K-theory
class inK0(Πˆ), particularly when d = 0, 1, 2, 3, is also known as a model of Chern
insulators in the theory of topological insulators in condensed-matter physics (see
for example [PS16, Section 2.2.4]).
3.3. Approximate ∗-homomorphism and K-theory. For a unital C*-algebra A,
a unitary representation π : Π→ U(A) extends to a ∗-homomorphism C∗Π→ A.
Although a single quasi-representation does not necessarily extend to a continuous
map on C∗Π, a nice collection πn of quasi-representations is able to be treated as
a single ∗-homomorphism in the following way.
Let πn : G → U(Hn) be a sequence of finite rank (εn,G)-representations such
that εn → 0. We pick a collection of embeddings Hn ⊂ H into a single separable
infinite dimensional Hilbert space H. We simply write K for the compact operator
algebra K(H). Let us consider the quotient C*-algebra
Q :=
∏
n∈NK⊕
n∈NK .
For (an)n∈N ∈
∏
N
K, we write (an)♭n∈N for its image in Q. denote the projection.
Then
π♭(tj) := (πn(tj)⊕ 1H⊥n )
♭
n∈N(3.9)
satisfies [π♭(tj), π♭(tl)] = 0. That is, π♭ extends to a unitary representation of Π by
π♭(tk11 · · · t
kd
d ) := π
♭(t1)
k1 · · · π♭(td)
kd , and hence we obtain a ∗-homomorphism
π♭ : C∗Π→ Q.
Lemma 3.10. The K0-group of C*-algebras
⊕
N
K,
∏
N
K and Q are
K0(
⊕
N
K) ∼=
⊕
N
Z, K0(
∏
N
K) ∼=
∏
N
Z, K0(Q) ∼=
∏
N
Z⊕
N
Z
respectively.
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Proof. The first and second isomorphisms are straightforward from the definition
of C*-algebra K-theory. The third is a consequence of the six-term exact sequence
associated to the C*-algebra extension 0→
⊕
N
K→
∏
N
K→ Q→ 0. 
Hereafter, for a sequence (kn)n∈N of integers, we write (kn)♭n∈N for its under the
quotient
∏
N
Z→
∏
N
Z/
⊕
N
Z.
By the above lemma, π♭ induces a group homomorphism
π♭ : K0(C
∗Π)→ K0(Q) ∼=
∏
N
Z⊕
N
Z .
In other words,
(πn)n∈N 7→ π
♭(β) ∈
∏
N
Z⊕
N
Z
(3.11)
is a topological invariant for sequences of (εn,G)-representations of Π with εn →
0. It is trivial if (πn)n∈N is homotopic to a representation, i.e., π♭ lifts to a
∗-homomorphism C∗Π →
∏
N
K since any ∗-homomorphism C(Πˆ) → K is
homotopic to the trivial one.
Now we apply Proposition 3.7 to get an explicit description of the invariant
(3.11).
Lemma 3.12. Let λ denote the bottom of the spectrum of (DˆW + mγ)
2 and let
0 < C < λ. Then there is a constant ε > 0 such that π(DˆW +mγ)
2 > C holds
for any (ε,G)-representation π of Π.
Instead of an analytic proof using norm estimates (as is given in Proposition 4.3
later), we prove this lemma by using an abstract spectral theory of C*-algebras.
Proof. Let us choose C ′ withC < C ′ < λ and we show that πn(DˆW +mγ)2 ≥ C ′
except for finitely many n’s. To this end, we assume the contrary, i.e., for any
n ∈ N there is a ( 1n ,G)-representation πn of Π such that π(DˆW + mγ)
2 − C ′
is not positive. We bundle these πn’s to get a ∗-homomorphism π♭ as in (3.9).
Then the spectrum σ(π♭(Dˆ2W +mγ)
2 − C ′) is the set of accumulation points of
σ(πn(DˆW +mγ)
2 − C ′), and hence it intersects with [−C ′, 0] non-trivially. This
contradicts with
σ(π♭(DˆW +mγ)
2 − C ′) = σ(π♭((DˆW +mγ)
2 − C ′))
⊂ σ((DˆW +mγ)
2 − C ′) ⊂ [λ− C ′,∞)
which is a standard fact in the spectral theory of C*-algebras. 
This lemma shows that
I(π(DˆW ) +mγ) ∈ Z(3.13)
is a topological obstruction for π to be homotopic to a representation of Π in the
space of (ε,G)-commuting matrices for sufficiently small ε > 0.
Theorem 3.14. Let πn be a sequence of (εn,G)-representations of Π with εn → 0
such that πn(DˆW +mγ) is invertible for n ≥ n0. Then we have
π♭(β) = (I(πn(DˆW ) +mγ))
♭
n≥n0 ∈
∏
Z⊕
Z .
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Here we write (·)♭n≥n0 for the image under the compositions
∏
n≥n0
K →∏
n∈NK→ Q or
∏
n≥n0
Z→
∏
n∈N Z→
∏
N
Z/
⊕
N
Z.
Proof. The identificationK0(Q) ∼=
∏
N
Z/
⊕
N
Z is given bymapping [(pn)♭n∈N] ∈
K0(Q) to (rank pn)♭n∈N. Hence, for an invertible element (hn)
♭
n∈N ∈ Q, its K-
theory class [(hn)♭n∈N] ∈ K0(Q) corresponds to (dimE>0(hn))
♭
n∈N.
By Proposition 3.7 we have
π♭(β) = [π♭(DˆW +mγ)]− [γ]
= ([(πn(DˆW +mγ))
♭
n≥n0 ]− [γ].
Through the identification as above, the right hand side corresponds to
(dimE>0(πn(DˆW +mγ))− dimE>0(γ))
♭
n∈N = (I(πn(DˆW ) +mγ))
♭
n≥n0
by Reamrk 1.5 and Lemma 3.4. 
Remark 3.15. When d = 2, this invariant is the same as the one given in [EL91].
Our description using the Wilson–Dirac operator is efficient in computation since
there is no need to calculate the functional calculus of a large matrix.
4. Wilson–Dirac index theorem as almost flat index pairing
In this section we give a proof of Theorem 1.6 as an application of the Hanke-
Schick index pairing [HS06].
4.1. Higher index pairing. The index pairing is the pairing between the K-theory
and K-homology groups of a manifold M (a reference is [HR00]). It assigns to
[E] ∈ K0(M) and [D] ∈ K0(M), where E is a complex vector bundle and D is an
elliptic operator on M , the Fredholm index IndexDE of the twisted operator DE.
More generally, a K-homology element [D] ∈ K0(M) induces the "index pairing
with coefficient", i.e., a homomorphism
〈␣, [D]〉A : K0(C(M)⊗A)→ K0(A).
This homomorphism is described as following. Let H be a Hilbert space
equipped with a ∗-representation C(M) → B(H). A K-homology element in
the Atiyah–Kasparov picture (see for example [HR00, Definition 8.1.1]) is rep-
resented by a bounded operator F ∈ B(H) such that [F, f ], F ∗F − 1, FF ∗ − 1
are compact operators for any f ∈ C(M). Our concern is the Dirac fundamen-
tal class [D] of M represented by H := L2(M,S+) ∼= L2(M,S−) (this unitary
isomorphism is given by a fixed Borel isomorphism of vector bundles S+ ∼= S−)
and
F := D(1 +D∗D)−1/2 : L2(M,S+)→ L2(M,S−).
Another ingredient of the proof is the Mishchenko bundle L := M˜ ×Π C∗Π,
where Π acts on C∗Π by the multiplication from the left. This is a flat bundle
of Hilbert C∗Π-modules. Note that the Serre–Swan theorem with coefficient
also holds; the group K0(C(M) ⊗ A) is isomorphic to the Grothendieck group
of the semigroup of bundles of finitely generated projective Hilbert A-modules
(see for example [Sch05, Subsection 3.2]). Therefore, L determines an element
[L] ∈ K0(C(M)⊗ C
∗Π).
Remark 4.1. Here we enumerate some basic facts on the index pairing and the
Mishchenko bundle which will be used in the proof of Theorem 1.6.
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(1) The index pairing with coefficient in C is the same thing as the usual index
pairing, i.e., 〈[E], [D]〉C = Index(DE) ∈ K0(C) ∼= Z (see for example
[HR00, Proposition 4.8.10 (c)]).
(2) The index pairing is compatible with the base-change: Let φ : A → B be
a ∗-homomorphism. Then we have
〈(idC(M) ⊗ φ)∗[p], [F ]〉B = φ∗(〈[p], [F ]〉A).
This holds by definition of the index pairing above because (idB(H) ⊗
φ)(Fp) = Fφ(p) holds.
(3) The bundle L is universal among flat bundles of Hilbert C*-modules: If
we have a flat bundle E →M of Hilbert A-modules, the monodromy rep-
resentation πE : Π→ B(E) (where E is a typical fiber of E) is associated.
Then, by definition ofL, the base change L⊗πE E is isomorphic to E itself.
In the level of K-theory, we have
(idC(M) ⊗ πE)∗[L] = [E ].
(4) The higher index pairing 〈[L], [D]〉C∗Π ∈ K0(C∗Π) is the Bott element β.
This is essentially proved by Lusztig [Lus72] by using the Atiyah-Singer
family index theorem. Indeed, through the identification C∗Π ∼= C(Πˆ),
the index pairing with L is identified with the family index for the fiberwise
Dirac operator on the fiber bundle M × Πˆ → Πˆ twisted by the Poincare
line bundle
P := V × Πˆ× C/{(v, χ, ξ) ∼ (v + t, χ, χ(t)∗ξ)}.
Lemma 4.2 ([HS06, Theorem 3.8]). Let πN := πa,E be the quasi-representation
of Π defined in Subsection 2.3 and let π♭ be the ∗-homomorphism as in (3.9). Then
we have
π♭(β) = (IndexDE)♭N∈N ∈
∏
Z⊕
Z .
Proof. For the self-consistency of the paper, we quickly review the proof given in
[HS06]. For each N , EN := EN ⊗ H∗ is a bundle of projective Hilbert K(H)-
modules which is identified with EN through the isomorphism K0(C(M)) ∼=
K0(C(M)⊗K(H))). The connection ofEN extends to that of EN whose curvature
has the norm less than a2‖RE‖ (for the connection and curvature of Hilbert C*-
module bundles, see [Sch05, Section 4]) . Let E :=
∏
EN , which is a Hilbert∏
K-module. Then we have
〈[E ], [D]〉∏K = (IndexD
EN )N = (Index(D
E))N ∈ K0(
∏
K) ∼=
∏
Z
byLemma2.2 andRemark 4.1 (1). Moreover, the base-change E⊗ϕQ is isomorphic
to the flat bundle V ×π♭ Q associated to π
♭.
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Let η♭ denote the quotient map
∏
K→ Q. Now we obtain that
π♭∗(β) =π
♭
∗(〈[L], [D]〉C∗Π)
=〈(idC(M) ⊗ π
♭)∗[L], [D]〉Q
=〈(idC(M) ⊗ η
♭)∗[E ], [D]〉Q
=η♭∗(〈[E ], [D]〉
∏
K)
=(Index(DE))♭N∈N ∈
∏
Z⊕
Z .
Here each of the first, second, third and forth equalities follows from (4), (2), (3),
(2) of Remark 4.1 respectively. 
4.2. Proof of the main theorem. The proof of Theorem 1.6 (1) is essentially
finished by Lemma 3.12, Theorem 3.14 and Lemma 4.2. For the proof of (2), we
need a quantitative refinement of Lemma 3.12.
The following norm estimate is communicated to the author by Mikio Furuta.
A more conceptual description from the viewpoint of geometric analysis will ap-
pear in the forthcoming paper [FFM+]. A similar estimate is also studied by
Neuberger [Neu00].
Proposition 4.3. Let Dκ,m := κπa,E(DˆW ) + mγ. For any κ ∈ [m, 1/a], the
square D2κ,m is bounded from below bym
2 − 4d2‖RE‖.
Proof. In the proof, we write a ∼ε b for ‖a− b‖ < ε. Set
xj :=
1
2i
(Ua,Ej − (U
a,E
j )
∗),
yj :=
1
2
(Ua,Ej + (U
a,E
j )
∗),
zj := U
a,E
j − 1.
Note that we have 1− yj =
1
2zjz
∗
j and ‖zj‖ ≤ 2. Now the squareD
2
κ,m is bounded
from below as
D2κ,m =
(
κ
∑
j
cj · ixj + γ
(
κ
∑
j
(yj − 1) +m
))2
∼ε1 κ
2
∑
j
x2j +
(
κ
∑
j
(yj − 1) +m
)2
= κ2
∑
j
x2j + κ
2
∑
j
(yj − 1)
2 +
∑
j 6=l
(1− yj)(1− yl)
+ 2κm
∑
j
(yj − 1) +m
2
= 2κ(κ−m)
∑
j
(1− yj) + κ
2
∑
j 6=l
(1− yj)(1− yl) +m
2
∼ε2 κ(κ−m)
∑
j
z∗j zj +
κ2
4
∑
j 6=l
zjz
∗
j z
∗
l zl +m
2 ≥ m2,
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where ε1 > 0 and ε2 > 0 are defined as∥∥∥−∑
j<l
κ2cjcl[xj , xl] +
∑
j
cjγ
[
κ · ixj ,
(
κ
∑
l
(yl − 1) +m
)]∥∥∥
≤κ2
∑
j,l
(‖[xj , xl]‖+ ‖[xj , yl‖) ≤ κ
2 · 2d2‖RE‖a
2 ≤ 2d2‖RE‖ =: ε1
and
κ2
4
∥∥∥∑
j 6=l
(zj [z
∗
j , zl]z
∗
l + zjzl[z
∗
j , z
∗
l ])
∥∥∥ ≤ 2d2κ2‖RE‖a2 ≤ 2d2‖RE‖ =: ε2.
This inequality implies that the spectrum of D2κ,m is bounded below by m
2 −
4d2‖RE‖ ifm ≤ κ ≤ 1/a. 
As a consequence of Proposition 4.3, we obtain that the self-adjoint matrices
πa,E(mDˆW ) +mγ and D
a,E
W +mγ are homotopic in the space of invertible self-
adjoint matrices for anym > 4d2‖RE‖. In particular we obtain
I(πa,E(DˆW ) + γ) = I(D
a,E
W +mγ).(4.4)
Proof of Theorem 1.6. By (4.4), it suffices to show that
I(πa,E(DˆW ) + γ) = Index(D
E)
for sufficiently small a > 0. This follows from Theorem 3.14 and Lemma 4.2. 
5. Generalizations
In this section we discuss two generalizations of Theorem 1.6, the family ver-
sion and the real and Clifford equivariant version. They are also considered by
Adams [Ada02b] and Fukaya et. al. [FFM+] respectively. Since our method is
K-theoretic and does not rely on any evaluation such as integration of differential
forms, the same proof also works for these generalized setting.
5.1. Family index. Let X be a compact space and let E be a vector bundle over
M × X, which is thought of as a family of vector bundles Ex := E|M×{x}
parametrized byX. Let {∇x}x∈X be a smooth family of hermitian connections on
Ex. Then the fiberwise Dirac operator DE(x) := DEx is a continuous function on
X taking value in Fredholm operators. Its family index determines an element of
the topological K-group K0(X).
Also, the Gromov–Lawson construction as in Section 2 provides a continuous
family πa,E,X := {πa,Ex}x∈X of quasi-representations of Π parametrized byX. It
gives rise to a ∗-homomorphism π♭X : C
∗Π → Q⊗ C(X). Note that the K-group
K0(Q⊗C(X)) is isomorphic to
∏
K0(X)/
⊕
K0(X). The family Wilson–Dirac
operator Da,EW := π
♭
X(DˆW ) is a continuous function from X to the space of self-
adjoint matrices such that Da,EW +mγ is invertible. Then E>0(D
a,E
W +mγ) is a
vector bundle onX, and
IX(D
a,E
W +mγ) := [E>0(D
a,E
W +
m
a γ)]− [E>0(γ)] ∈ K
0(X)
is defined.
Now the same proof shows that both Theorem 3.14 and Lemma 4.2 hold for this
family version. Consequently we obtain the following generalization.
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Theorem 5.1. The following hold.
(1) For any 0 < m < 2, there is a0 = 1/N0 such that D
a,E
W +
m
a is invertible
and IX(D
a,E
W +
m
a γ) = IndexX(D
E) holds for any 0 < a < a0.
(2) There ism0 > 0 such that, for any m > m0 there is a0 = 1/N0 such that
D
a,E
W +mγ is invertible and IX(D
a,E
W +mγ) = IndexX(D
E) holds for
any 0 < a < a0.
5.2. Real and Clifford-equivariant index. Here we consider the index theorem
for real vector bundles on the torus M with an arbitrary dimension. Throughout
this subsection C ℓp,q denotes the Clifford algebra generated by e1, · · · , ep and
f1, · · · , fq with e2j = 1 and f
2
j = −1. Let M be the d-dimensional standard
torus and let S be the unique irreducible representation of the Clifford algebra
C ℓ(V ⊕−V ) ∼= C ℓd,d. The C ℓd,0-Dirac operator
D :=
n∑
j=1
fj∇vj : Γ(M,S)→ Γ(M,S)
is an odd self-adjoint operator anticommuting with the Clifford generators ej of
C ℓd. We writeDE for the corresponding twistedC ℓd,0-Dirac operator. In a similar
way as in [AS69, Section 5], its Clifford index is defined as
IndexC ℓd,0(D
E) := [kerDE, γ] ∈ Mˆd/i(Mˆd+1) ∼= KOd .
Here Mˆd denotes the set of pairs (W,h), where W is a finite dimensional repre-
sentation of C ℓd,0 and h ∈ End(W ) is a Z2-grading on W anticommuting with
Clifford generators ofC ℓd,0, and let i : Mˆd+1 → Mˆd denotes the map forgetting the
action of d+1-th Clifford generator. Note that the realK-groupKOd is isomorphic
to one of Z, Z2 or 0.
On the other hand, the quasi-representation πa,E obtained by the Gromov–
Lawson construction for E is also real, i.e., each πa,E(tj) is a real orthogonal
matrix. In the same way as (1.1), we define the hermitian C ℓd,0-Wilson–Dirac
operator Da,EW as
Da,EW = D
a,E + γWa,E ∈ B(Ha,E)
where Ha,E :=
⊕
x∈aΠ/Π Ex ⊗ˆ S . Then the massive hermitian C ℓd,0-Wilson–
Dirac operator Da,EW + mγ is an invertible self-adjoint operator anticommuting
with Clifford generators ej . Hence it determines an element
IC ℓd,0(D
a,E
W +mγ) := [Ha,E , ha,E ]− [Ha,E , γ] ∈ Mˆd/i∗Mˆd+1,
where ha,E = (D
a,E
W +mγ)/|D
a,E
W +mγ|.
Wewill extend the argument given in Section 3 and 4 to this setting, we introduce
a generalization of Karoubi’s definition of the real K-group to Real C*-algebras
(cf. [Kub16b, Corollary 5.15]). Here we say that a Real C*-algebra is a C*-algebra
A equipped with an antilinear ∗-isomorphic involution a 7→ a. For example, let X
be a compact Real space, i.e., X is a compact space equipped with an involution
τ : X → X. Then A = C(X) with f¯(x) = f(τ(x)) is a Real C*-algebra. Let ∆d
denote the direct sum of all Z2-graded irreducible representation of C ℓd,0 with the
Z2-grading γ.
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Definition 5.2. Let A be a unital Real C*-algebra. Let us define the set
F
d
n(A) := {s ∈ A ⊗ˆK(∆
n
d) | s = s
∗, s¯ = s, s2 = 1, ejs = −sej for j = 1, · · · , d}.
We define the Real K-group KRd(A) as the set of homotopy classes of
⋃
n F
d
n(A),
where Fdn(A) ⊂ F
d
n+1(A) is defined by s 7→ s⊕ γ. The summation is given by the
direct sum and the zero element is represented by γ.
Remark 5.3. Weshortly give some remarks on the above definition of theKR-group.
(1) When d = 0, ∆d is the Z2-graded R-vector space R ⊕ Rop. The map
[s] 7→ [(s+1)/2]− [(γ +1)/2] gives an isomorphism of KR0(A) and the
Grothendieck group of Real (i.e., invariant under the involution) projections
in
⋃
nMn(A).
(2) For a Real space X, the group KRd(C(X)) is isomorphic to the Real K-
group KR−d(X) defined in [Kar08, Exercise III.7.14]. In particular, when
A = R, the groupKRd(R) is isomorphic toKOd by mapping [s] to [∆nd , s].
(3) The Real K-theory extends to the Kasparov theory. In particular, the index
pairing with the Real K-homology cycle [D] ∈ KR−d(C(M)) induces a
map
〈·, [D]〉A : KR0(C(M)⊗A)→ KRd(A).
This index pairing also satisfies Remark 4.1 (1), (2) and (3) by assuming φ
and E to be Real.
IfH is a real Hilbert space, then K := K(H⊗RC) is equipped with a canonical
Real C*-algebra structure. In the same way as Subsection 3.3 we define the
Real C*-algebra Q :=
∏
N
K/
⊕
N
K. Then (πa,E)N∈N gives rise to a Real ∗-
homomorphism π♭ : C∗Π→ Q, where the Real structure on the group C*-algebra
C∗Π determined by t¯j = tj . Note that it is checked in the same way as Lemma
3.10 that KRd(Q) is isomorphic to
∏
KOd /
⊕
KOd.
The statement analogous to Lemma 3.6 and Remark 4.1 (4) holds for this Real
setting. Note that is identified with that on C(Πˆ) induced from the involution
τ(χ) = −χ. We write Rp,q for the Real space Rp ⊕ iRq, Dp,q for the unit disk of
R
p,q and Sp,q for the unit sphere of Rp,q.
Lemma 5.4. The following hold.
(1) The function h :=
∑
fj · ixj + γx0 : S
1,d → End(S) is self-adjoint,
invertible, Real and anticommutes with the Clifford generators ej . Then
[h] = β ∈ KRd(C(S
1,d)).
(2) The Mishchenko bundle L := M˜ ×Π C∗Π is a Real bundle of finitely
generated Hilbert C∗Π-modules on M . Moreover, 〈[L], [D]〉C∗Π = β ∈
KRd(Πˆ).
Note that Lemma 5.4 (1) is consistent with Lemma 3.6 because [h] in Lemma
5.4 corresponds to the element written as [h] − [γ] in Lemma 3.6 through the
isomorphism in Remark 5.3 (1).
Proof. The proof of Lemma 3.6 shows that the mapKRd(C(S1,d))→ Kd(C(Sd))
forgetting the Real involution on C(S1,d) sends [h] to the complex Bott generator
β ∈ Kd(C(S
d)). This shows (1) since the above forgetful map in this degree is an
isomorphism.
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Next we show (2). As is stated in [MT16, Section 6], particularly the equa-
tion (6.8), the index pairing 〈[L], ·〉C∗Π respects the stable splittings KOd(M) ∼=⊕
lKOd(D
l,0, Sl,0)(
d
l) and KR−d(Πˆ) ∼=
⊕
KR−d(D0,l, S0,l)(
d
l). In particular, it
sends [D] lying in the top degree summand ofKOd(M) to the top degree summand
of KR−d(Πˆ). This shows that 〈[L], [D]〉C∗Π = kβ for some k ∈ Z. To see that
k = 1, consider the image of 〈[L], [D]〉C∗Π to the complex K-group by the forgetful
map and remind Remark 4.1 (4). 
Remark 5.3 and Lemma 5.4 are enough to check that the same argument as in
Sections 3 and 4 also work in this setting. Finally we obtain the following theorem.
Theorem 5.5. The following hold.
(1) For any 0 < m < 2, there is a0 = 1/N0 such that D
a,E
W +
m
a is invertible
and IC ℓd,0(D
a,E
W +
m
a γ) = IndexC ℓd,0(D
E) holds for any 0 < a < a0.
(2) There ism0 > 0 such that, for any m > m0 there is a0 = 1/N0 such that
Da,EW +mγ is invertible and IC ℓd,0(D
a,E
W +mγ) = IndexC ℓd,0(D
E) holds
for any 0 < a < a0.
Remark 5.6. The index pairing with a quaternionic vector bundle, instead of a real
vector bundle, is also treated in a similar way. In this case, IndexC ℓd,0(D
E) and
IC ℓd,0(D
a,E
W +mγ) take value in the group of quaternionic representations of the
Clifford algebra C ℓd,0, which is isomorphic to KOd+4.
Indeed, let us identify the quaternion fieldHwith its complexification H⊗RC as
the Real C*-algebra. It is isomorphic to M2(C) equipped with the Real involution
a 7→ ua¯u∗, where a¯ is the usual complex conjugation and u =
(
0 1
1 0
)
. Then a
quaternionic vector bundle E determines an element of KR0(C(M)⊗H) and the
sequence (πa,E)N∈N gives rise to a Real ∗-homomorphism π♭ : C∗Π → Q ⊗ H.
Hence the same proofs of Theorem 3.14 and Lemma 4.2 work only by replacing Q
with Q⊗H.
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